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Growth modeling — two approaches

« Modeling in macroscale
- transport processes during growth (mass, energy, momentum)
- strain in nonuniform structures
- electric properties of electronic structures and devices
- optical properties of optoelectronic structures and devices
- crystal morphology

« Modeling in atomic scale
- crystal structure
- energetic properties
- Kinetic properties
- optical transitions
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Growth modeling - methods

« Modeling in macroscale
- finite difference
- finite volume
- finite element

« Modeling in atomic scale
- Monte Carlo
- molecular dynamics
- ab initio — density functional theory (DFT)
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Conservation laws — compressible fluid

do(# t
L (g’; N (oG, 056, 0) = 0
av( t) oy O — o - — - - Fro
p(7,t) [ + (v(r,t) - V) v(r, t)] = —Vp(, t) + uAv(@t) + p(r,t) f(r, t)

o[C,(TF t)p, )]
ot

+p(F O)C,(TYBE D) - VT £) = div(kVTF D) + 73

« 6 variables: 3 velocity components, density, pressure, temperature
« 5 equations of motion + equation of state

p=ppT)
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Conservation laws — incompressible fluids

div(ﬁ(?, t)) =0

0v(r,t)
pO at

+ @@ ) - V(T t)] = UAD(F, t) + polBr(T — T,) + Becl f (1)

PoCp(T) [a[ng, 2 + (v(r,¢t) - V)T(r, t)] = div(KVT(F, t)) + 1,

5 variables: 3 velocity components, pressure, temperature
5 equations
Additional equation:

P =Po
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Boundary conditions - velocity

Solid surfaces — no-slip condition:

Solid surface — crystal growth (surface is
nonmaterial, no-slip):

p(7 ) t(Ft) =0

p (7, OV e (7 t) — DV, (7 t)] -1, t) =
ps (@, O[U(#, t)cg(F, 1) — DV (7, 0)] - (7, 1)

t(#t) - vector tangential to the surface
n(7#,t) - vector normal to the surface

u(r,t) - crystallization velocity
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Boundary conditions - temperature
« Solid —vapor/liquid interface — perfect thermal contact:

T,(7, t) = T,(¥, t)

« Solid surface — crystal growth (surface is nonmaterial, no-slip):

[Cipi (7, ) V,(F, t) — Csps (7, )V (7, )] - (7, ) =
[k, VT, (7, t) —ks VT (7, t) + ps (7, )u(r, t)H] - n(7, t) +Q

H — latent heat

Q — radiation flux
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Boundary conditions — mathematical categories

« Dirichlet condition

(pl(?r t) = Qg (?r t)

« Neumann condition

V(ps (?; t) ’ ﬁ(?, t) — fs(?; t)

« Mixed condition

F[Vo (@ t) - n(# )] + Glo;[T, )] = fF,t)
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Boundary conditions — physical interpretation

Dirichlet boundary condition: temperature, concentration — local equilibrium
between phases

T,(7,t) = T,(¥, 1) C,(7,t) = kC,(7, 1)
Dirichlet boundary condition — tangential component of the velocity disappears
v@t) i@ ) =0

Neumann boundary condition — predetermined flows such as crystallization
velocity, dissolution, flux

DVC(,t) -n(r,t) = R(¥,t)

Mixed condition — crystallization velocity in function of the supersaturation

N s C— Ceq
DVC(r,t) -n(r,t) = ko =k
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Solution methods — approximation

Conservation law: classical field ¢ — mathematical structure

0(p$) 0wipd) _ 9 [F 0 o

at ari ar] ar]

Approximate algorithm

Scalar field is replaced by its representation in the mesh sites - pre-
processing

Boundary condition are enforced — pre-processing
Solution - processing
Result — represented by continuous functions - post-processing
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Mesh generation - preprocessing

Mesh types:

Regular (structural)
Block-regular (block-structural)
Complex

Irregular
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Regular mesh (structural)
Regular mesh — coordinate system

Lines belonging to the same family do not cross
Lines belonging to different families cross once only
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Examples: 1-d and 2-d Example: 2-d regular nonorthogonal mesh
regular orthogonal mesh designed for calculation of the flow
between two parallel pipes
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Block-regular mesh

Segments are regular — the sum is not
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Example: block-regular nonorthogonal mesh. The sites are compatible. .
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Example: block-regular nonorthogonal mesh. The sites are not compatible.

13

11.01.2022 — Macro-modeling



Non-structural mesh

Mesh filling any volume (area), e.g. triangular mesh

Example: 2-d mesh composed of triangular and tetra-angular elements

« Extension — adaptive mesh
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Solution methods — algorithms

Conservation law: classical field ¢

d(pp) +6(vip¢): d [r P +ay

at ari ar] ar]

e Finite difference method
 Finite volume method
* Finite element method
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Finite difference method

« L. Euler (XVIII century) — derivative are replaced by finite difference between

sites | .
¢ -1 ¢(r; + Ar;) — ¢p(r;) [a(l)j ~ (I)(I —1)—(|)(|
ar; a0 AT, on(i) ) r-1)-x(

Approximations « Backward difference scheme(BDS)

< 09 >= P() — (i~ D)

¢ Exact Backward

-—
-
-
-

« Central difference scheme (CDS)
o Centra ( 0 )_ ¢li+1) — $i—1)

FoMard

-
-
-
.-

| Ax; | Ax;yy | « Forward difference scheme (FDS)
2 il i 4] 42 x ¢ \_oli+1)- ¢@
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Finite difference method — higher derivatives

* 2nd order - CDS between r;(i-1/2), r;(i+1/2):

0] $(i+1)— (i)

L) ¢() - ¢i-1)

(ot im) - (o 2am)
¢ ar;(i +1/2) ar;(i —1/2)
<m> T [+ -rG-1)]/2

@+ D[ -1 — D]+ ¢ — D[r;(i + 1) —r;(D)] = 2¢@)[r;(i + 1) — 2r;(0) + 7r;(i — 1)]
- [rii+ 1) — 7 — D][r;(i + 1) — ;D] [r; (D) — ;i — D] /2
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Finite volume method

Full system is divided into control volumes (CV)

:—o .- ® > 9 o * *
O 0 o) O r; .......... o ........... Q ............ (o ERRRRRES I
e O (o] fe) o) [ .00 ......... 0 .......... O S
# (o} fo) (o) 0 * .o Nl o RISUINS AT b o IR (o] .
. o 0 O o . ’o »»»»» o ..................... o_ _________ O .
—o——o o . ® *-o——o ® . ®

Different relations between mesh sites and CV:
Left — on the center of CV
Right —walls centered between the sites
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Finite volume method — implementation 2D

Field values are determined in the center only

Vsl
° .
Yj
..... ww | ~oEE. .1
Yi.1
¥ [ ] [
J
i x X1 x; Xivl

Definition of CV and notation in 2-d Cartesian mesh
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Finite volume method- implementation 3D

ol

Definition of CV and notation in 3-d Cartesian mesh
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Finite volume method - integration

a(gqb) N a(I;iqu) _ 66 [r grb 4y 0wipp) _ 0 [.99] .
t i il orj ar;  orj| ar;| °
« Equation of motion are integrated over CV
j pd (V- n)d*r =j ¢(V¢-ﬁ)d2r+j spd’T
S S |4
« Surface integrals « Volume integrals
| fr = f.s. | ad*r= g0
S Q

e

11.01.2022 — Macro-modeling

21



Finite element method (FEM) - properties

Strong differential & weak integral equations are equivalent
Weak form — any function w(r,t)

Solution — sum (combination) of functions defined on the element
(any shape)

« Interpolation function — any field value
« Interpolation function — any gradient value
« Field — continuous function of the coordinates
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Finite element method (FEM)

« Equation of motion - differential form

« Equation of motion — integral (weak) form (w — any function)
d d

f w{ [I‘ ¢

74 ar] a'l"]

Green theorem gives

Jo ALl e |, oae =

win;, —
J a‘r]

}d3r=0
J
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Interpolation functions — linear (1-d & 2-d)

¢(iy) = p[x(iy)] ¢(iz) = p[x(iz)]

Field in linear interpolation

x — x(iy) x — x(iz)

G —x) TP ) T x )

¢(x) = ¢p(iy) = ¢p(iDu;, (x) + ¢(iz)u;, (x)

Universal interpolation functions

x —x(i,)

iy (%) = x(iq) — x(iy) —> u;, (x;,) =1 u;, (x;,) = 0
x — x(iq)

Uiy () = x(iq) — xtiz) ::> ui1(xi1) =0 ui1(xiz) =1
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Interpolation functions — linear (2-d)

¢(iy,) = ¢lx(iy)] ¢(iz) = p[x(iz)]

Field in linear interpolation

x — x(iy) x — x(iz)

G —x) TP ) T x )

¢(x) = ¢p(iy) = ¢p(iDu;, (x) + ¢(iz)u;, (x)

Universal interpolation functions

x —x(i,)

iy (%) = x(iq) — x(iy) —> u;, (x;,) =1 u;, (x;,) = 0
x — x(iq)

Uiy () = x(iq) — xtiz) ::> ui1(xi1) =0 ui1(xiz) =1
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Interpolation functions — linear (2-d)

¢(i11j1) = ¢[X(i1), y(ll)] ¢(i2,j1) = ¢[x(l2),y(]1)]
(i1, J2) = ¢lx(i1), y(2)] ¢ (iz,)2) = Plx(iz), y(2)]

« Field in linear interpolation

x — x(iz) y — y(iz)
x(iy) — x(iz) y(iy) — y(iz)

¢(x,y) = (i, j1)

« Universal interpolation functions

x — x(iz) ey Y= 502)

iy () = G = x(iy) w4 ) =30y =y Gy
o x—x(iy) P A A(FY)

i, (%) = ) = xGiy) W, V) = S =y
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Weight function w(r,t)

Approximate solution gives residue R

d ow| 0
f {lwl‘nj—(p }dzr -+ j {wq(p — [I‘ ¢ }d?’r = j Rwd3r
S ar] 74 ar] ar] 74

Galerkin method — weight function is solution

Wit = $F0 = ) )
Additional condition — Residue is orthogonal to weight function

j Rwd3r =0
v

Final equation — array equation

K¢ =f
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Array equation

K¢ =f
c[)ZJV d3r [T (Vu; - Vu;) |9 () = jv d3r|u; q4] + L d*r {(n - [u;TV(¢)]}

« Rigidity matrix K:

Kij:fV d3r[F(V‘ui . Vu])]
* Force vector f:

f=7r +f"
e Source vector fs:
fS= J d3r [u; - qq4)
|74

« Boundary condition vector f°:

fb = js d&2r @ - [uV(P)]}
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Solution of nonlinear array equation — linear algebra

K(p)p =f

Initial solution - linear

K,=K(¢p=0) = K.p=f 5 ¢ = K,'f

SS —successive substitutions
K(po)dp,=f = 1=K ($po)f =) 2 =K (PDf

Global methods: Newton-Raphson, Quasi-Newton
Partial methods: Segregated solver

Solution strategy (small system):
SS — first (slow convergence, extensive convergence radius)

QN, NR — finish (fast convergence, small convergence radius)
Solution strategy (large system):

Segregated solver
11.01.2022 — Macro-modeling
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Convergence conditions

K()p=f
At any iteration (i), the following equation is fulfilled :
K()p=f+r
r; - residuum — of the norm: 1/,
Ri = ”rl” = Zré’i Rl((l)) <

z Ro|
Convergence criteria:

Relative solution change in
subsequent iterations

Relative residuum measure

lwier — wll
0 A

|
A
M
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Types of convergence
Asymptotic convergence is defined as:

By =0 < Vb~
k — convergence exponent: k=1 = linear (SS), k=2 = parabolic (NR, QN)

Residuum criterion Relative change criterion
'i«llj)

Rf‘l‘le) - 1

R(uy) 4

R{u o) -
Au;
Ru;)
R(u) Ru;) -, R{n) »u;

—

Au; |
u, ! u Lo u
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Example 1 : isothermal forced flow — gas mixer
« Equation motion isothermal incompressible fluid:

div(v(#,t)) =0

Jt
« Solid surfaces — no-slip condition:

l@?(?, t) . L ] R
Po|l———+ (@, t) - V)v(@, t)| = udv(r,t)

v(r,t) =0

v = 1000 mm/s
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Isothermal forced flow —error

High flow — high error

<- B1E+0003
<- 4. BE+0003

<- Z BE+0003
<- 2 1E+0002

- 1.0E+0003
- S1E+0002
- 9.3E-000

AEEEEEEEEREIN

ok e e s s it s s . —1—]
e e o o =
uuuuuuuuuuuu

Small flow — small error

- 1.7E+0003
- 1EE+0003

- B.7E+0002
- B.9E+0002

- 25E+0002
- 1.7E+0002
- 1.3E-0004
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New design

- 21E40003
I<— 1.8E+0003

<~ 1.36+0003
- 1.1E+0003
<~ 8.5E+0002
< 63640002

<- 2.2E+0003
- 2.0E+0003

<- 1.3E+0003
<- 1.1E+0003
- 9.0E+0002
- B.7E+0002
- 4.5E+0002
- 2.2E+0002
<- 1.0E-0004

T
100

-8R 72 58 -44 -30 16 -2 12 26 40 54 =53 82 36 o124 138 152 1BE 180
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Blue laser temperature increase — heat conductivity

« Qutside heat generation zone

c [T t)p(7, )]
p ot

c [T t)p(7,t)]
p ot

+ kAT (7, t) =0

« Heat generation zone

+ kAT (7, t) = jp

« Boundary conditions: diamond chip

>Q0u T = T,

aoon Aop 400 || OO

« Boundary conditions: other

Jg=—KVT =0

p-n junction
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Time evolution in IHPP laser diode

Power W =12 W -
60
W 500 _
> 40—J
000 flop a0 80u 20
T, 0 : . , . , : :
0 50 - 100 150 200
time (us)
P-N Junctlon 11.01.2022 — Macro-modeling 36
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Natural convection in liquid Ga — GaN growth

Equation of motion
div(ﬁ(?, t)) =0

0v(r,t)
pO at

+{ﬁﬁw-m?ﬁ¢1=uNﬂﬁw+mﬂ%U—Zﬂ+&d7ﬁw)

o[T(r,t . R R
PoCp(T) [ [ (gt ) + (v(r,t) - V)T (7, t)] = div(}cVT(r, t)) + 7,
fGo=9
5 variables: 3 velocity components, pressure, temperature
5 equations
Additional equation:
P = Po
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Tl

12

T3

A

z

T4

« Solid surfaces — no-slip condition velocity:

« Solid surfaces — temperature — from measurements:

v(r,t) =0

T(#t) =T(F)
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Natural convection — GaN crystal growth

Temperature

Velocity

odeling  pawef Strak (Fidap) 39
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Elasticity

Force equilibrium: f, — bulk force

60',-]-

arj

t+ fi=0
Hooke law: stress tensor o;; strain tensor uj;:

Oij = Sijkl Ukl

Strain tensor and vector

. 1 auk _ aul
Wit = arl B ark

Linear elasticity equations

azuk azul 49 S
Sijkl ar;jodr; * ar;ary, Ji=
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Strain in GaN laser - Abaqus

2-layer structure

Fully strained

Wegard law for lattice constants
Elastic anisotropic approach

http://www.simulia.com/
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Bowing in GaN/AlGaN structure - FEM

h=1pum

Substrate:
Thickness H = 60 um
Size —1cm x 1cm

h =50 pum

h =180 um

Maagnification factor - 100 4
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6500

6000

5500

5000

4500

4000

3500

Curvature radii - surface

K=—=———
4500 R (h e 11)3
_ _ AR SN
Radiusimm] 4000 H_,,=60 mikron
448,0 3500—-
.44@6 3000-
4453 _ 2500_’ ./.
443,9 £ 1 /
ws 3 2000-_ /-
441,1 &I ./
] ./////
439,8 1000 = ./
4384 500 \'\ ..... e
437,0
0 T T T T T T T T i T g
0 50 100 150 200 250 300
h[mikron]
2000 4000 6000 8000 10000
Clyne formula Stoney formula (dla h/H < 0.05)  Ejuyer = Equpstrate
f — misfit
1 6fH 1 6f h — layer thickness
e K= —= —— .
kK=%7 (h + H)? R  H H — substrate thickness

Good agreement with Stoney —Clyne theory
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