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Scope

Conservation laws
Constitutive relations
Navier Stokes equations
Convection

Diffusion

Thermal conductivity
Radiation
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Surface and bulk phases — characteristic lengths

Bulk phases — characteristic

lengths L, - macroscopic ‘ 5 T
&

=

Ly ~100u - 1m

Surfaces — characteristic
lengths L,

Ls > Xxqun ~5nm

L, ~10nm = 100 nm
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Surface — bulk coupling

Bulk phase is usually uniform on the surface diffusion length scale
Step motion in uniform bulk supersaturation - o,

Growth instability — by creation of macrosteps

Face instability — different parameter values across the face

Use of parametric growth model — effectively decoupled — weak
coupling by parameter value
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Conservation laws

The temporal change of the value of the conserved quantity A is composed of
two contributions: flux across boundary J and production of internal sources R:

0A —
Ez—jé(]A.n)d25+ R,

J A 7 - unit normal vector, pointing to
outside — the surface term is negative

V

A(t) = j d3r p,(7,t) R,(t) = jv d*r (7, t)
%
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Green theorem

For any closed surface and the vector field J (c1), the following
relation holds:

Ja
[, J - #)d?s = §, div(])d°r

7n- unit normal vector, directed outside of VV
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Differential form of conservation laws

« Denote by a the density of A for mass unit. Then we have:

A(t)=f a(7, t)p(#,t) d3r
%

« Employing Green theorem to any volume V gives general
conservation law equation:

dla(7,0)p(7,1)]
ot

= —div(fA) + 1y

« Source efficiency :

R,(t) = j d3r r,(7, t)

14
« Center of mass position 7,:

Tem = .
J, p(@ t) d3r
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Fluxes

» Flux of the conserved, additive physical quantity A is sum of
convective and diffusive contributions:

- - - - _)dl -
Ju@ ) = [ @) + T2 (# t)
« Convective flux is due to center of mass motion:

oM@, t) = a(@ O)p(r, ) Ve (7, t)

« Center of mass velocity v,:

R drcym
Uem = dt

Naturally in the center of mass system convective flux is zero.
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Diffusive fluxes

« Diffusion flux are determined in center of mass system:
dif - g -
Ja f(T; t) = Jacu ()

e Diffusion flux — Fick law:
JH(#,6) = =D Vny (7, )
D — diffusion coefficient (m?s—1)

« Domination of single component A (CM approximated by CM(A))
LT @) =0

JO (#,t) = —DgVng(#,t) = —DgnyVeg (7, t)
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Mass conservation law - single component (total mass) system

No diffusion

No sources p(7,t) = z p; (7, t)
Mass density flux is convective only i

J@#,t) = JoOW(#t) = p(#,t) B, t)

Mass conservation law is given by the equation

d[p(@, )]

™ + div(p(7, t) D(7,t)) = 0 /'

9]
S| @ a0 =~ G 0G0 - %S b
V

Could not happen
in stationary result
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Mass conservation law in single component system — stationary (i.e. time
independent) flow

« Density is time independent
p(r,t) = p(7)
« Mass conservation law is reduced to

7 b@FP)] = 0 $ @ T® s =0

« Example: mass flow in MOVPE reactor P1V1S1 = po1,S,

O — ::O S, =S,
Sl’Tl’Vl, SZ’TI’VZ pRT
T, P="m
vz - 171 T_l
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Mass conservation law in single component system — stationary (i.e. time
independent) flow

Density is constant

p(F) = p,

Mass conservation law is reduced to
7[5 = 0 §o@v6) - d%s = 0

Example: mass flow in MOVPE reactor

U5=V V1=V2

V151 = 1,5,

Wil

w
<
<

\V]

I
<

=
2|
\V]
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Multi-component system

« Concentrations of the components

(7t
Ci(f)l t) = pp((;:’ t)) p(f'), t) — zpl(F’ t) 2 Ci(T_'), t) =1

l

Convection flux of the component

]_’l_COTlU(f.’, t) = Pi (77'), t)ﬁ(?, t) = Cj (77'), t)P(F» t)f]}(?) t)

« Diffusion flux of the component (Fick law)

7 #0) = —Di(p)Vpi(7, ) = =Dy (p)p(F, t)Vc; (7, t)
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Multi-component system — conservation laws

Component (i) conservation law

d[p; (¥, t)]
dt
r; — chemical reaction efficiency (for volume unit) - normalization

Zr(?, t) =0

i
Density is constant (no convection) standard diffusion law

+ div(p;(7, O VF 1) =1y

dlc;(7,1)]
ot

— DiA[Ci (7:)1 t)]
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Gas phase diffusion

Random motion of gas molecules - mean free path — A

o= nitrogen A

b » 7
=FI T

A
Diffusion coefficient — D:
o2 _ (kT)3/2
3 n3/2m1/2pa2
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Gas phase — ballistic and diffusive transport

« Knudsen number - Kn

> |~
&

 Ballistic transport - MBE

Kn 1

« Diffusive transport - VPE, HVPE, MOVPE

Kn > 1
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Lattice diffusion

No convection
Diffusion — Fick law

7Y (@0 = —Di(p)Vp; (7, ) = —D;(p)p(F, )V ey (7, t)

Mass conservation law

d[p(7, )]

m + div[DVp (7, )] = 1,(#,t)

Surface coverage — adsorption and desorption

o[n(7,t)]
dt

— DAn(7,t) = Raas(7,t) — Rges (7, 1)
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Momentum conservation law
Momentum conservation law — velocity density (for each component)
p= | 56006 0%
14

Any single component of momentum (a ) is conserved. Convective flux of
momentum could be defined

jcomv = jﬂ (o (7 O)p(F, OB, £) - ) d2S

a

Momentum flux is changed by the surface force:

j’;iress — f(é\-“ (7'3, t) . ﬁ’) dZS

0qp(7, t) - stress tensor
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Surface forces — stress tensor - momentum flux

« Surface force — equivalent of diffusion flux:

X
’ Fa(f'), t) = Z 66![3 ng
B

F,- force acting on the surface

ng - component of unit vector,
normal (perpendicular) to the surface

0 op(T, ) - stress tensor
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Units of stress (pressure)

Sl unit — Pascal (Pa) 1Pa = 1 —
mZ

Imperial (US customary) unit — psi (pound per square inch)

1psi = 6894.757 Pa = 6.894757 kPa

Non Sl unit — bar
1 bar = 100 000 Pa = 100 kPa

Non Sl unit — atmosphere (atm)
1atm = 101 325 Pa = 101.325 kPa

Non Sl unit — Torr (mm Hg)

1Torr = 133.322 368 412 Pa

https://en.wikipedia.org/wiki/Standard atmosphere (unit)
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Stress tensor — different cases

Isotropic or hydrostatic stress (pressure) : Oup = —POup
0 a#p

Kronecker symbol or Kronecker delta Oap = 11 ¢ = B
Normal stress: Oap = 0ap04

Shear stress: Oup = (1—84p)04p

Unixial stress: Oap = 011

Bixial stress: 010 =0

Triaxial stress: Oap
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Force action — bulk component

Bulk forces — bulk source of momentum

(7, 0) = fo (7, )p(7, )
f (7, t) - force acting for mass unit

Gravitational field — field intensity v,
fa (7, t) = YVa (7, t)
At the Earth surface — gravitational acceleration g,:

fa(ﬁ t) = ga(f)’ t)
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Momentum conservation — dynamic equation of motion

Green theorem for velocity density gives:

dp( ) V(7 )]

= + div [p(, O BEF OB O] = div(6) + p(F, t) f (7 )

Mass conservation law could be used to obtain:

0v(7,t)

= + @BFE ) -VBE )| = div(d) + p, ) f(# 1)

p(7,t)

Equation is nonlinear in velocity

Stress tensor has to be determined
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Stress tensor in liquid — hydrostatic and viscous

Pressure:

5 = _p& R
Viscosity
3
. v, dvg 2 av,
oun = ptus +|(517) (52| + (m =51 2,\r,
y:
u — shear viscosity coefficient
u, — bulk viscosity coefficient
Units (SI) «  Units (CGS)
kg
= . = — = ] = = P ]
[ul = Pa- s — 10 Poise [u] p— oise
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Shear viscosity

3
. : ar,
« Incompressible fluid flow: div(5(7, 1)) =Z< a) _
ro] ary,
« Viscous force (only shear):
3 R 3 3
f Z 004p z 0 |[0v, N dvg z 0%vg A
— — _— — _— — v
A ar, ¢ dr, |\ or ar, . dr, or, HEVp
a a 15 a a“la
a=1 a=1 a=1
« Example — Couette flow
800
fla‘;:i)n(ifv‘erm D/D
> 400-:2:12; // )
- —4—152 42231322 g
E 07 ,Q/qu’/?j?q#%‘a’
N =
3 > 00 /D/
T e
> A S S S S S

Slab number

P. Strak & S. Krukowski J. Phys. Chem. B 115 (2011) 4359
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p(7,t)

Navier-Stokes equation

Dynamic equation for incompressible liquid (Navier-Stokes equation):

0v(7,t)
dt

Density changes due to temperature or concentration of components

+ (v(7, t) - V) V(7 t)] = —Up(@,t) + uAv(r,t) + p(7, t)?(?, t)

p(T) = p(T)Br(T —T,) p(c) = p(0)B.c
1 /0p(T
Thermal expansion coefficient Br = — 5 (%) ~1074T1
T=T,
Thermal expansion coefficient dp(T) 1
(ideal gas — the largest possible) br=— oT -7
T=T,
Concentration density change _ 1 <ap(c)>
i p\ dc c=0
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Boussinesqg approximation

* Pressure — due to hydrostatic force

p(z) = —p(T)g(z — z,)
* Pressure gradient — due to hydrostatic force only

—7p(2) = —p(D)f

« Equation of motion

0v(r,t)
pO at

+ @E D) - VBE )| = b B 6) + polBr(T — T,) + Bec] fF 1)
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Energy conservation law

« Energy conservation law reads:

ole(7, t)p(7, t)]
ot

= —div(j,) + ¢

£ — energy density (for unit of mass)

« Energy as the temperature change:

de = Cp dT
« Temperature change equation:

o|C, (T t)p, )]
ot *

p(F, )C,(T)WF t) - VT t) = —div(e) + 1¢
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Energy fluxes

« Convection:

=

i

Je = p(, )e(@ V(7 t)

%
Forced Free (Natural)
Convection Convection

« Thermal conductivity (Fourier law) :

]_)8 — _KVT(F, t)

x — thermal conductivity coefficient

« Radiation (Stefan-Boltzmann law) ot
emitted light

-

Je = eaT*(7,t) EAFTH
Stefan-Boltzmann constant SUN
w .
o=5670374 —y (7, t) e — emissivity 0<e <1
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Radiation

« Radiation heat exchange

i(S”—Ej 1_9"}“ ZN](S “F)o T

i1\ € j

 Fj; - viewfactors for i and j surfaces

1 cos . cosf dA; dA
Fy=—" H 2
A 4; 4

l

0< F; <1
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Energy sources

Viscosity:

B ui 0V, (’)vﬁ
Ty arﬁ ar,

a,f=1
Chemical reaction energy:

on
w=o(3)

Q — heat of reaction

Volume change - pressure:

3
v
—p Z —= = —p div(d)
0y,
a,f=1

30.11.2022 — Transport processes

31



Summary — conservation laws — compressible fluid

d[p(r,t)]
ot

+ div(p(7, ) D(7, 1)) = 0

0v(r,t)

T @0 - TE O | = ~Vp@, 1) + ph (70 + p(, 0 f (7, 1)

p(7,t)

o[C,(TF t)p, )]
ot

+p(F O)C,(TYBE D) - VT £) = div(kVTF D) + 73

« 6 variables: velocity components, density, pressure, temperature
« 5equations + equation of state

p=ppT)
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Summary — conservation laws — incompressible fluid

div(ﬁ(?, t)) =0

0v(7,t)
pO at

PoCp(T) [a[ng, 2 + (v(r,¢t) - V)T(r, t)] = div(KVT(F, t)) + 1,

« 5variables: velocity components, pressure, temperature
« 5equations + equation of state
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Boundary conditions - velocity

« Solid surfaces — no-slip condition:

« Solid surface — crystal growth (surface is
nonmaterial, no-slip):

p(7 ) t(Ft) =0

(7, O[O, O (7, t) — DV (7, 0)] - (7, t) =
ps (7, O [u(r, t)cs (7, t) — DsVes (7, 1)] - n(7, t)
t(# t) - vector tangential to the surface

n(7,t) - vector normal to the surface

u(r, t) - crystallization velocity
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Boundary conditions - temperature
Solid —vapor/liquid interface — perfect thermal contact:

T,(7,t) = Ts(7, t)

Solid surface — crystal growth (surface is nonmaterial, no-slip):

[Cipi (7, ) V,(F, t) — Csps (7, )V (7, )] - (7, ) =
[k, VT, (7, t) —ks VT (7, t) + ps (7, )u(r, t)H] - n(7, t) +Q

H — latent heat

Q — radiation flux

30.11.2022 — Transport processes
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Diffusion - finite source — 1d

« Diffusion equation

dac 2
DAc = — - Da c_ dc
ot ox? ot

« Source Qatx=0:

0= 1o (~a07) = 7o (a0
cx,t) =———exp|———=| = exp| ———
A\V4Dt P\ " 4Dt ADt P\ ™ 4Dt

initial pulse of gas molecules O
in some background gas

1= ? fl £
o MO TILE FHH
4 through - on beyond zebra...
the: wal 4| diffuse out .
dnidx=1 2 ntotube. .
Q —source at %=0 |
A - area |

=01
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Diffusion - constant source — 1d

Diffusion equation

ac
DAc = —
‘= ot —>

* ¢(0) =const for x =0:

0%¢  dc
dx2 Ot

supply of material:
& reservoir of liguid

[A[=R]IVES
thes Wl =
X )

l-x\.\.\ LI L
N

=0 fived concentration at #=0. all times

erfc(z)=1—erf(z) =1- 2 j oody exp(—y?)
Vi Jg
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Diffusion — stationary flow

« Diffusion equation — time independent

dc d%c

DAC:E C——> DAc=0 > Dﬁ=0

« Concentration set ¢c(0) at x =0 and ¢(1) for x = L:

[c(1) —c(0)]x

c(x,t) =

L ¢
 Diffusion flux c(1)
Dfc(1) —c(0
e DT = — [c( )L c(0)] “0)

v

0 X L
30.11.2022 — Transport processes
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Diffusion — diffusion length and Peclet Pe number

« Thediffusion length Lpis: ki

4DL TERY
L, = V4Dt = |—
b U Lq increases & vt
 Time of residence is:
L
t= — :
U

U - velocity

« Peclet number Pe —square of the system size L to diffusion length ratio L:

L\°  4]2 LD
Pe = 4 - =

) ")
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Peclet number — diffusion and convection

* Peclet number — diffusion or Convection transport control

P — LD
‘T
e Pe << 1 - Diffusion control: Lag>>1L
() \
L, >>L
0l L
« Pe << 1 - Convection control: Lg <=L
N %)
L, <<L _
il L
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Convection — Reynolds number Re

Viscosity force (velocity shear) estimate

A Y
fois = div (6) = u(Av) = 72

Inertia force estimate
2

pU
fin:P(V‘V)U=T

Reynolds number Re — inertia to viscosity force ratio

U2
fvis 'uU/L2 U

Re

30.11.2022 — Transport processes
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Reynolds number Re — second interpretation

Momentum diffusion

(617(?, t)
Po

5 >= ulAv(r,t)

Momentum diffusion length L,

4ut 4ul
b = 1777 150

Reynolds number Re — square of the system size L to momentum diffusion

length ratio L, :
r 4( L > 412 pUL
e = — | = —
Lap 4#1‘/ U

pU
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Laminar and turbulent flows

Reynolds number Re — control of the flow type

Reynolds number Re << 2000
laminar flow

Reynolds number Re ~ 2000 -
turbulent flow

In our description we will assume the laminar flow.
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Flow into the pipe

entry length -_|

bound &y layer regime Poiseuille flow

b ndarsy

R

(plug flow)
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First stage - plug flow

Bulk flow into the reactor

A

constant gas velocity v everywhers:
pIug flow

I

nert gas |

reactant

nett gas
—T

Phbb bbb i
Y
Phbb bbb i

exhaust

F — Bulk flow - flux

A — Area

deposition

A

30.11.2022 — Transport processes
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Boundary layer

4quxul,,
5(x) = [4Dgpt = %

U
Dy, =v =—
dp 0

2y y*
Ur(y) = Uy (7—§)

Approximate flow pattern
(parabolic - von Karman)
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Poiseuille flow

= o
- - -
— —- — R

- — = —_— C

—_— - — —
— —- —-

Ugy = — | 5

av 8u \dx

Total flow into the reactor

Re mpRY (dp
F = pJO 2nr u dr = mpug,R? = 8,uc <dx)
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Energy conservation law

* Energy conservation law — temperature equation

C(p,, T)p, [aT((;, 2 + (W@ t) - VTG, t)] = div(kVT (7% 1)) + 1,

analogous to two component transport equation

S+ GG 0 - Dp, t)] = div(DVp,(7,1)) +1;

for small concentration:
pi = poci(7,t)
correspondence

K
c;(7,t) & T(1,t) Dy, = °C oD
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Heat transfer — linear form

« Equations

[6 v(7,t)
Po

5 + (W7 0) - V) V(T t)] UAT(, £) + polBr(T — T,) + Bec] f(F,1)

PoCy(T) [a[Tgi, 2 + (B[, t) - T F, t)] = div(kVT (7, 1)) + 1,

« Linear formin: v(r, t) & 6T(7,t)

0v(r,t)
Po

= ub TGO poGy(T) [a”g’;t”]=dw<m<m>>
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Heat transfer — Prandtl number

Fourier component

V(7 t) = veexp [i (67- r— T—)] ST(#,t) = 6T, exp [z(
1%

Relaxation times:

_ Po _ Cpo
uq Kq*

Prandtl number Pr — relaxation time ratio:

T C
pr=—L= il
Ty K

- o> t
q.'r__

Pr << 1, relaxation of the temperature field is independent of the velocity

Pr ~ 1, velocity and temperature fields are coupled
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Temperature

Convection - Pr=0.01

Velocity
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Temperature

Convection — Pr = 1000

Velocity

MALA LICZBA PRANDTLA

TEMPERATURE MALA LICZBA PRANDTLA
CONTOUR PLOT

LEGEND S = =
= 0.2500E-01 Ll -
-~ 0.7500E-01 ,
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-- 0.1750E+00 V1) S e
S -
-- 0.3250E+00 . =
-- 0.3750E+00 Yy -
-- 0.4250E+00 0
-- 0.4750E+00 I
-- 0.5250E+00 o )
-- 0.5750E+00 H /
== 0.6250E+00 Y /

- 6

50E+00

MINIMUM
0.00000E+00 o
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Thermal conductivity — thermal Peclet Pe number

Thermal Peclet Pe; number — square of the system size L to thermal

diffusion length L ratio:

e L4 _LU _LUCp _LUguC _ .
TG T @ Pk wk
()
« Pe; << 1-Thermal conductivity Ld>>L

control:

\

M)
0l L
« Pe; <<1-Convection control: Ld <o |
M)
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Natural convection — incompressible fluid —
temperature difference caused thermal expansion q

o

—-3aT

« Thermal expansion coefficient 1 a_P 7
pr = p\aT Free (Natural)
) CGonvection
« Velocity assessment
pOUZ—( — ) gL (p—pPo)9L  ———
(0]
« Thermal diffusivity length « Momentum diffusivity length
4kL 4ul
Lip = /4Dt = pC_U Lyis =/ 4Dy;st = p_U

30.11.2022 — Transport processes 54



Natural Convection - Rayleigh number Ra

Rayleigh number Ra — square of the system size L to diffusive lengths ratio
2 2 2772 3 2
<L> (L) _ U gLPBrpE
Lth Lvis DthDvis KU

Rayleigh number Ra — determines the ratio of convective to diffusive
transport velocity

o1
=2

High Rayleigh number Ra - Convection domination - Diffusion control
Low Rayleigh number Ra - Diffusion domination — Convection control
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